Abstract. We propose a simplification of the definition of saturation for fusion systems over p-groups and prove the equivalence of our definition with that of Broto, Levi, and Oliver.
Introduction
The mathematical concept that we focus on in this note goes back to unpublished work of Puig from the 1970s. His motivation for the introduction of the concept (for which he uses the name 'full Frobenius system') was applications of this concept to the representation theory of finite groups. More recently, Broto, Levi, and Oliver [1] rediscovered the same objects for use in algebraic topology. They coined, for these objects, the name 'saturated fusion systems', which is now widely accepted.
The definitions of Puig (as, say, published in [4] ) and of Broto, Levi and Oliver are equivalent, although they significantly di¤er in details. Stancu [5] (see also [2, Appendix] ) noticed that both definitions are in fact excessive, and he suggested a simplified definition of his own.
Here we propose what we think is an even simpler and more natural definition. In Section 2 we review the definition of an abstract fusion system over a p-group. In Section 3 we discuss extension of morphisms, leading to the concept of a receptive subgroup. We then relate this notion to the known concept of a fully centralized subgroup. Namely, we show that all receptive subgroups are fully centralized. In Section 4 we introduce the concept of a saturated subgroup. Again, we relate this new notion to the known notion of a fully normalized subgroup by showing that saturated subgroups are always fully normalized. We then make a further step: we show that that if a conjugacy class of subgroups contains a saturated subgroup then, in this class, all fully centralized subgroups are receptive and all fully normalized subgroups are saturated.
This brings us to the main point of our note. In Section 5 we give our definition of the saturation property and prove that it is equivalent to the version of Broto, Levi and Oliver.
Finally, we discuss Stancu's definition and propose a further slight simplification of it along the lines of our main definition.
Let p be a prime and S be a finite p-group. For s A S, let c s : S ! S be the automorphism induced by conjugation by s, that is, c s sends every a A S to s À1 as. Given a homomorphism j : P ! Q, where P; Q c S, and further subgroups P 0 ; Q 0 c S, such that P 0 c P and Q 0 d P 0 j, let jj P 0 ; Q 0 be the homomorphism from P 0 to Q 0 , which is obtained by restricting the mapping j to P 0 . If P ¼ P 0 or Q 0 ¼ Q then we omit the corresponding subscript. In this situation the absence or presence of the comma indicates that the only subscript is the new source or the new target, respectively.
In particular, let { be the identity isomorphism from S to itself, that is, { ¼ c 1 , where 1 ¼ 1 S is the identity element of S. Then {j P; Q is defined for all P; Q c S with P c Q, and it is the inclusion mapping from P to Q.
For a homomorphism j : P ! Q, we call the core of j the restriction jj ; Pj , i.e., the core is the surjective version of j. Note that if j is a monomorphism then its core is an isomorphism.
For P; Q c S, let Mor S ðP; QÞ ¼ fc s j P; Q j s A S and P s c Qg.
Definition 2.1. A fusion system over S is a category F, whose objects are all of the subgroups of S, and where for each pair of objects P and Q the morphism set Mor F ðP; QÞ consists of group monomorphisms from P to Q satisfying (1) Mor S ðP; QÞ J Mor F ðP; QÞ for all P; Q c S, and (2) if j A Mor F ðP; QÞ then its core c ¼ jj ; Pj is an F-isomorphism; that is, c A Mor F ðP; PjÞ and c À1 A Mor F ðPj; PÞ.
We note that {j Pj; Q A Mor F ðPj; QÞ by condition (1). Thus, in (2) we have j ¼ c {j Pj; Q . That is, every morphism j is a composition of an isomorphism and inclusion. This shows that our definition agrees with the standard one, cf. [1] .
If j A Mor F ðP; QÞ then we say that P is the source of j and Q is the target of j. From now on, whenever we mention a morphism set Mor F ðP; QÞ, it will be assumed that P and Q are subgroups of S.
We now state a few lemmas that immediately follow from the definition. 
, and j 0 j P; Q ¼ j. We note that every extension of j is at the same time an extension of the core of j. Thus, when discussing extensions, we can restrict ourselves to the case where j is an isomorphism. Furthermore, if P 0 > P then also N P 0 ðPÞ > P. So if j has an extension to a larger subgroup then j also has an extension to a larger subgroup contained in N S ðPÞ.
Let e P be the homomorphism from N S ðPÞ onto Aut S ðPÞ defined by: se P ¼ c s j P; P for all s A N S ðPÞ. Clearly, e P is a surjection and its kernel coincides with C S ðPÞ. Proof. Note that j is an isomorphism, since P and Q are F-conjugate.
Since a A P 0 c N S ðPÞ, we get that c a A P and so d b A Q. This means that b A N S ðQÞ. In particular, P 0 j 0 c N S ðQÞ, as claimed. Also,
Since d A Q is arbitrary, we have that ðae P Þ j ¼ be Q holds. r
It follows from the last lemma that, unlike restriction, extension is not always possible.
Lemma 3.2. Suppose that an isomorphism j A Mor F ðP; QÞ has an extension
Proof. Without loss of generality we can assume that P 0 ¼ P 0 V N S ðPÞ, that is, P 0 c N S ðPÞ. Suppose that a A P 0 . Clearly, ae P A Aut S ðPÞ. Also, by Lemma 3.1,
. r
On the definition of saturated fusion systems
Because of this lemma, we call the subgroup Aut S ðPÞ V Aut S ðQÞ
of Aut F ðPÞ the extension control subgroup (or simply, the control ) of j. The full preimage under e P of the control Aut S ðPÞ V Aut S ðQÞ j À1 of j is usually denoted by N j . In these terms Lemma 3.2 tells us that j cannot be extended inside N S ðPÞ beyond the subgroup N j . This motivates the following definitions. Definition 3.3. An isomorphism j A Mor F ðP; QÞ is called fully extendable if it extends to a morphism with source N j .
In the situation where there is more than one fusion system under consideration, one should probably write 'F-fully extendable' to indicate the related fusion system. In this paper, however, we will only consider one fusion system at a time, and so the prefix 'F-' will not be used. The same applies to all other terms defined below.
The only exception to this rule will be the term 'F-conjugate', to distinguish it from the usual conjugation in S. Definition 3.4. A subgroup Q c S is receptive if every isomorphism j with target Q is fully extendable.
We note the following property of N j .
Lemma 3.5. We have C S ðPÞ c N j for all j A Mor F ðP; QÞ.
Proof. Since C S ðPÞ is the kernel of e P , it is contained in the full preimage of every subgroup of Aut S ðPÞ. r
We next define a property that all receptive subgroups possess. Definition 3.6. We call P c S fully centralized if jC S ðPÞj d jC S ðQÞj for every subgroup Q c S that is F-conjugate to P. Proposition 3.7. Every receptive subgroup is fully centralized.
Proof. Suppose that Q is receptive. Let a A Mor F ðP; QÞ, where P is F-conjugate to Q. Since Q is receptive, a must be fully extendable, that is, it extends to some c A Mor F ðN a ; Q 0 Þ for some Q 0 d Q. By Lemma 3.5, C S ðPÞ c N a . Since c is a homomorphism, C S ðPÞc c C S ðPcÞ ¼ C S ðQÞ. Hence jC S ðPÞj c jC S ðQÞj. Since P was an arbitrary F-conjugate of Q, we conclude that Q is fully centralized. r
Saturated subgroups
In this section we give a few definitions including the key concept of a saturated subgroup. We also develop the theory of these subgroups. 
Since Q is an arbitrary F-conjugate of P, we conclude that P is fully normalized. r
The referee of this paper noted that, in view of Proposition 3.7, this lemma is equivalent to the 'if ' part of [3, Proposition 1.6].
Lemma 4.5. Suppose that P is saturated and Q is F-conjugate to P. Then there exists j A Mor F ðQ; PÞ such that N j ¼ N S ðQÞ. In particular, this j extends to a morphism r A Mor F ðN S ðQÞ; N S ðPÞÞ.
Proof. Start with an arbitrary morphism c A Mor F ðQ; PÞ. Since P and Q are F-conjugate, c is an isomorphism. Recall that conjugation by c is an isomorphism from Aut F ðQÞ onto Aut F ðPÞ, as discussed at the end of Section 2. Since P is fully automized, Aut S ðPÞ is a Sylow p-subgroup of Aut F ðPÞ. Since P is saturated, it is receptive and so j extends to a morphism s A Mor F ðN S ðQÞ; X Þ for some X c S. Without loss of generality, s is its own core, that is, X ¼ N S ðQÞs. Then, clearly, P ¼ Qs is normal in X , since Q is normal in N S ðQÞ. Thus, X c N S ðPÞ. Finally, we set r ¼ s{j X ; N S ðPÞ . r Note that this lemma provides an alternative proof for Proposition 4.4. Indeed, if there exists r A Mor F ðN S ðQÞ; N S ðPÞÞ then jN S ðQÞj c jN S ðPÞj, and so P is fully normalized. Proposition 4.6. Suppose that P; Q c S are F-conjugate. If P is saturated and Q is fully centralized then Q is receptive.
Proof. Suppose that R is F-conjugate to Q (and hence also F-conjugate to P). Let j A Mor F ðR; QÞ. We need to show that j is fully extendable.
According to Lemma 4. d Aut S ðQÞ. We also get from Lemma 4.5 that c extends to a morphism r A Mor F ðN S ðQÞ; N S ðPÞÞ. Let n be the core of r, that is, n is a isomorphism from N S ðQÞ onto N S ðQÞr c N S ðPÞ. We remark that since n is an extension of c, we also have that n À1 is an extension of c À1 . Consider g ¼ jc A Mor F ðR; PÞ. Since P is receptive, g extends to a morphism t with source N g . Without loss of generality, t is its own core, that is, t A Mor F ðN g ; N g tÞ. We will prove below that (1) N j c N g and (2) N j t c N S ðQÞr. Once these are shown, we get the extension s of j with source N j as follows:
. That is, s is the composition of suitable restricted t and n À1 . (Conditions (1) and (2) are needed for these restrictions to make sense.) To see that this s is an extension of j is easy. Indeed, for r A R we have
It remains to verify (1) and (2) . For (1) we recall that N g is the full preimage (under e R ) of Aut S ðPÞ g À1 V Aut S ðRÞ, while N j is the full preimage of Aut S ðQÞ
Finally, we prove (2), which reads N j t c N S ðQÞr. First, we remark that N j c N g by (1) , and so the expression N j t makes sense. Let a A N j . By Lemma 3.1,
Hence ðae R Þ j A Aut S ðQÞ, and so ðatÞe P A Aut S ðQÞ c . That is, at lies in the full preimage under e P of Aut S ðQÞ c . It remains to see that this full preimage (call it X ) coincides with N S ðQÞr. Also, jX j ¼ jAut S ðQÞ c j jC S ðPÞj. (We have used that C S ðQÞ is the kernel of e Q and, similarly, C S ðPÞ is the kernel of e P .) It is given that Q is fully centralized. Since P is receptive, Proposition 3.7 yields that P is also fully centralized. Therefore,
The referee noted that this proof is similar to part of the proof of [3, Proposition 1.7]. In particular, both properties (1) and (2) appear in that proof.
Proposition 4.7. Suppose that P; Q c S are F-conjugate. If P is saturated and Q is fully normalized then Q is saturated.
Proof. Recall that jN S ðPÞj ¼ jAut S ðPÞj jC S ðPÞj and, similarly,
By Proposition 4.4 we have that P is fully normalized. Hence, jN S ðPÞj ¼ jN S ðQÞj, yielding jAut S ðPÞj jC S ðPÞj ¼ jAut S ðQÞj jC S ðQÞj: ð * Þ Since P is fully automized, we have that Aut S ðPÞ is Sylow in Aut F ðPÞ, while Aut S ðQÞ is just a p-subgroup in Aut F ðQÞ G Aut F ðPÞ. This forces the inequality jAut S ðPÞj d jAut S ðQÞj. Since P is also receptive, Proposition 3.7 implies that P is fully centralized, that is, jC S ðPÞj d jC S ðQÞj. Comparing with ( * ), we get jAut S ðQÞj ¼ jAut S ðPÞj, which means that Aut S ðQÞ is also Sylow in Aut F ðQÞ. That is, Q is fully automized. Additionally, jC S ðQÞj ¼ jC S ðPÞj. Since P is fully centralized, so must also be Q. Now Proposition 4.6 gives us that Q is receptive. Thus, Q is saturated. r
Saturated fusion systems
In this final section we give our version of the definition of saturated fusion systems and show that it is equivalent to the standard one.
Definition 5.1. A fusion system F over a p-subgroup S is called saturated if every F-conjugacy class of subgroups of S contains a saturated subgroup.
Theorem 5.2. Suppose that the fusion system F over a p-group S is saturated. Then
(1) every fully normalized subgroup in S is fully automized and fully centralized, and (2) every fully centralized subgroup is receptive.
Proof. By Proposition 4.7, every fully normalized subgroup P is saturated. In particular, it is fully automized. Furthermore, it is receptive, which by Proposition 3.7 means that P is fully centralized. Hence (1) holds. Finally, (2) follows from Proposition 4.6. r
The properties (1) and (2) above constitute the standard definition of a saturated fusion system, such as, say, found in [1] . Thus, if F is saturated in our sense then it is also saturated in the sense of Broto, Levi and Oliver. Conversely, if properties (1) and (2) are assumed then every fully normalized subgroup of S is saturated. Since every F-conjugacy class clearly contains a fully normalized subgroup, the two definitions are in fact equivalent.
In principle it at least looks easier to find one saturated subgroup in each F-conjugacy class than to verify that all fully normalized and fully centralized subgroups in all classes possess the required properties.
As we mentioned in the introduction, Stancu [5] proposed another way to simplify the definition of saturation. Restating his definition in our terms, a fusion system over S is saturated if (1) S is fully automized, and (2) every fully normalized subgroup is receptive. Using our results above and some key ideas from [5] (which Stancu himself traces back to Linkelmann's paper [3] ), we propose a slightly simpler version as follows.
Theorem 5.3. A fusion system F over S is saturated if and only if
(1) S is fully automized, and (2) every Q c S is F-conjugate to a fully normalized subgroup that is receptive.
Proof. Since every saturated subgroup is fully normalized, it is clear that every saturated system satisfies (1) and (2) . We will now show that if F satisfies (1) and (2) then it is saturated, that is, every Q c S is F-conjugate to a saturated subgroup.
By contradiction, let Q be a subgroup of largest order that is not F-conjugate to a saturated subgroup. Taking (2) into account, we can assume without loss of generality that Q is fully normalized and receptive. Since Q is not saturated, it cannot be fully automized. Comparing with (1), we see that Q 0 S. In particular, Q < N S ðQÞ.
Since jN S ðQÞj > jQj, we must have that R ¼ N S ðQÞ is F-conjugate to a saturated subgroup R 0 . Let j A Mor F ðR; R 0 Þ be the corresponding isomorphism. Then Q 0 ¼ Qj is also fully normalized and R 0 ¼ N S ðQ 0 Þ. We claim that Q 0 is receptive. Indeed, suppose that c A Mor F ðP; Q 0 Þ is an isomorphism, for some P c S. Next, decompose r as the product of its p-part and p 0 -part, r ¼ st, where s is the p-part, that is, the order of s is a power of p. Since a A T, it is a p-element. Hence it has a trivial p 0 -part and so the restriction of t to Q is trivial. Therefore, a ¼ s Q; Q . Thus without loss of generality we may assume that r ¼ s is a p-element. Now recall that R is saturated. Hence Aut S ðRÞ is a Sylow subgroup in Aut F ðRÞ. Since r is a p-element, there exists c A Aut F ðRÞ such that r c A Aut S ðRÞ. In particular, a ¼ rj Q; Q ¼ c t j Q; Q A Aut S ðQÞ. This is the final contradiction. r
Note that this theorem improves Stancu's definition in the same way that our definition improves the definition of Broto, Levi and Oliver. Namely, instead of verifying some property for all fully normalized subgroups, one now just needs to find in each F-conjugacy class one fully normalized subgroup satisfying this property.
